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2.6.4

(i) A—> B,A+ B

Proof. The proof is as follow.

(i) AFB— A

Proof. The proof is as follow.

A—- B, A-FA—B
A—B, AFA
A— B, A+B

(1)
(2)

A BFA
AFB—A

(from (€))
(from (— +), (1))
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(ivyA—- (B—C), A= BFA—=C

Proof. The proof is as follow.

(1) A—B, A+B (from 2.6.4(i), A= A, B= B)

(2) A—-(B—-C), A+-rB—C (from264(1), A=A, B= (B—C())
3) A—-(B—-C), A->B, AF-B (from (+), (1))

4 A—-(B—-C),A»B, A+-B—C (from(+4), (2)

b)) A= (B—C), A=>B, ArC (from (— =), (3), (4)

O
2.6.9
(i) AFAVB, BVA
Proof. The proof is as follow.
(1) AFA (from (€))
(2) AFAVB,BVA (from(V+), (1))
O

(i) AVBH BV A

Proof. The proof for AV B+ BV A is as follow.

(1) A FBVA (from269(), A= A, B= B, term 2)
(2) B FBVA (from269(), A= B, B= A, term 1)
(3) AvB FBVA (from(V—), (1), (2))

When we do substitution A = B, B = A, we will have BV A+ AV B, therefore we have proved the other
side. -

(iii) AV(BVC)H(AvB)vC
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Proof. Before proving the quality, we will first prove a lemma:

(transitivity): if AF B, BF C, then AF C.

The proof is as follow.

(1) AFB (given)
2 BFrcC (given)

3) ABGrC (from (+), (2))

(4) AFB—=C (from(—+), (3)

(5) AFrC (from (= =), (1), (4))

Then, the proof for AV (BV C)t (AV B)V C can be generated as follow.

(1) AVB F(AvB)vVC (from26.9(), A= (AVB), B=C)
(2) C F(AVB)VC (from 2.6.9(1), A= C, B= (AV B))
(3) AF+AVB (from 2.6.9(1), A= A, B= B)

(4) B FAVB (from 2.6.9(1), A= B, B = A)

(5) A F(AVB)VC (from (transitivity), (1), (3))

(6) B F(AVB)VC (from (transitivity), (1), (4))

(7) BVC F(AVB)VC (from (V=), (6), (2))

(8) AvV(BVC) F(AvVvB)VC (from (V-), (3), (7))

And the proof for (AV B)VCF AV (BV C) can be generated as follow.

(1) BvC FAvVv(BvVC) (from269(), A= (BVvC), B=A)
(2) AFAV(BVC) (from26.9(i), A=A, B=(BVC())
(3) B FBvVC (from 2.6.9(1), A= B, B=C)

(4) C FBvVC (from 2.6.9(1), A= C, B = B)

(5) B FAV(BVC) (from (transitivity), (1), (3))

(6) C FAV(BVC) (from (transitivity), (1), (4))

(7) AVB FAV(BVC) (from (V-), (2), (5))

8) (AvB)vVC FAV(BvV(C) (from (V-), (7), (4))

(iv) AVBH-A > B
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Proof. The proof for AV B+ —-A — B is as follow.

(1) A, -A, -B FA (from (€))

(2) A, ~A, =B - -4 (from (€))

(3) A, -AFB (from (—=—), (1), (2))
(4) AF-A— B (from (—+), (3))

(5) B F—-A— B (from 2.6.4 (ii))

(6) AVB F-A— B (from (V-), (4), (5))

Before proving -A — B F AV B, we will first prove a lemma:

(contraposition): if A+ B, then =B F —A.

The proof is as follow.

(1) AFB

(2) g +FA—B
(3) A, -BF+A—B
(4 A, -BFA

(5) A, B +-B
(6) A, -B B

(7) -B +-A

(given)

(from (= +), (1))
(from (+), (2))

(from (€))

(from (€))

(from (= =), (3), (4))
(from (==), (5), (6))

Then, the proof for ~A — BF AV B can be generated as follow.

(1) AFAVB (from 2.6.9(i), A= A, B= B)
(2) -(AVB) F-A (from (contraposition), (1))

(3) -(AV B) +-B (similar to (2))

(4) -A— B, ~(AVB) F-A (from (+), (2))

(5) —~A— B, ~(AVB) F-B (from (+), (3))

(6) -A— B, -(AvB) F-A— B (from (€))

(1) -A— B, ~(AVB) +B (from (— =), (4), (6))

(8) -A— B FAVB (from (=—), (5), (7))

The line (2) and (3) can be picked out as a theorem, which we will use many times afterwards:

(=V):

~(AV B)F -A, -B
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(v)y A->BH-AVB

Proof. The proof for ~AV B+ A — B is as follow.

(1) A, -A, =B FA (from (€))

(2) A, A, -B F-A (from (€))

(3) A, —AFB (from (=—), (1), (2))
(4) -AFA— B (from (= +), (3))

(5) B +FA— B (from 2.6.4 (ii))

(6) -AVB FA— B (from (V-), (4), (5))

Before proving A - B+ —AV B, we will first prove a lemma:

(ﬁﬁ): AH ——A.

The proof is as follow.

(1) ——=A, -A F-A  (from €)

(2) —=A, -A F--A (from €)

(8  ——AFA  (fom-—, (1), (2)

(4) ———A, A FA (from €)

(5) ———=A, A F——-A (from €)

6) A F-A  (from (3), A= —A)

(7) ~——A, A F-A  (from (transitivity), (5), (6))
(8) AF-mA (fom -, (4), (7))

The proof for A — BF —AV B can be generated as follow.
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(1) -A F-AVB
(2) -(mAVB) F-—-4
(3) ~(~AVB) F-B
(4) A— B, -(mAVB) F—-—A
(5) A— B, -(mAVB) F-B
(6) -—A FA
(7) A— B, -(-AVB) FA
8) A—B, ~(mAVB) FA—B
9 A— B, =«(-AVB) B

(10) ~A—B+AVB

(vi) =(AV B)H-AA-B

Proof. The proof for =(AV B) = -A A =B is as follow.

(1) —(AVB) -4
(2) —(AVB) -B
(3) —(AVB)

The proof for ~A AN —-BF =(AV B) is as follow.

F—-AA-B

from 2.6.9(1), A= —-A, B=B)
from (contraposition), (1); or (=V))
similar to (2))
(2))
), (3))
7))
transitivity),
€))
= =), (6),
=), (),

from (+),

fro

=

from
from (4), (6))
from

fro

B

(8))

(
(
(
(
(
(
(
(
(
( (9))

(+
(=
(
(
(
(=

fro

=

(from (—V))
(from (—V))
(from (A4), (1), (2))

(1) -—-(AVB) HFAVB (from (—=—))
(2) -A, =B, —(AVB) mAVB (from (+), (1))
(3) AVB F--A— D (from 2.6.9(v))
(4) -A, =B, —~(AVB) -r-A— B (from (transitivity), (2), (3))
(5) —A, =B, =—(AVB) F-A (from (€))
(6) —-A, =B, -—(AVB) B (from (— —), (4), (5))
(7) -A, =B, =—(AVB) F-B (from (€))
(s) A, B - ~(AV B) (from (~—), (6), (7))
9) -A F-B— ~(AV B) (from (= +), (8))

(10) @ F-A— (-B—-(AVB)) (from (= +), (9))

(11) “AAN-B F-A— (-B— —(AVB)) (from (+), (10))

(12) “AAN-B F-AAN-B (from (Ref))

(13) “AAN-B F-A (from (A—), (12))
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(14) -AAN-B F-B (from (A—), (12))
(15) =AA-B F-B——=(AVvB) (from (— —), (11), (13))
(16) -AA-B F-(AV B) (from (— —), (14), (15))

(vii) =(AANB)H-AV -B

Proof. Similar to (vi), the proof for =(AA B) - —-AV =B is as follow.

(1) —=(=AVv-B) F--4 (from (=V))

2) A kA (from (—-))

(3) —(-mAv-B) FA (from (transitivity), (1), (2))
(4 —-(-Av-B) B (similar to (3))

(5) ~(~AV-B) F AAB (fom (A+), (3), (4)

(6) —~(AAB) F-=(=AV-=B) (from (contraposition), (5))
(7) —=(=AV=B) F(-Av-B)  (from (-7))

(8) -(AAB) F(=AV-B) (from (transitivity), (6), (7))

The proof for ~AV =B F =(A A B) is as follow.
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(1) -=(-AV-B) F-AV-B

(2) A, B, ~~(~AV-B) F-AV-B

(3) -AV-B F—-=4—-B

(4) A, B, ~—~(=AV-B) -4 — B

(5) A, B, =—(-AV-B) A

(6) A F--A

(7) A, B, =~(~AV -B) F -4

(8) A, B, ~—~(—-AV-B) F-B

(9) A, B, =—~(-=AV-B) B

(10) A, B +~(=AV -B)

(11) A F B — —(=AV-B)
(12) @ kA= (B— —(=AV -B))
(13) AAB A= (B— —(~AV-B))
(14) ANB FANB
(15) AANB FA
(16) ANB B
(17) AANB FB— —=(-AV-B)
(18) AAB F —(=AV-B)
(19) -—(mAV-B) F~(AAB)
(20) —“AV-B F—==(=AV-B)
(21) —~AV-B +-(AADB)

(vili) @ - AV A

Proof. The proof is as follow.

(1) —(AV-A4) - -A

(2) —(AV-4) kA
o FAV-A

from (+), (1))

from 2.6.9(v))

from (transitivity), (2), (3))

from (€))

from (==))

from (transitivity), (5), (6))

from (= =), (4), (7))
(
(——

from

om

+
~—
—~

[—

\)

>
\_/
—
—
=~
~—
~—

— =), (13), (15))
— =), (16), (17))

from (contraposition), (18))

7))

from (transitivity), (19), (20))

~~ I~ ~~ N N N N /N /N /N /N /N /N /N /N I~ o~
—
=

(=
m (=
m (
(
(A=
from (A— ), (14))
(
(
(
(=
(

(from (=V))
(from (=V))
=), (1), (2)




